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We present a method, based on symplectic topology, which enables us to
detect invariant measures with “large” rotation vectors for a class of Hamil-
tonian flows. The method is robust with respect to C0-perturbations of the
Hamiltonian. Our results (Theorem 1.1 and Theorem 4.1) are applicable
even in the absence of homologically non-trivial closed orbits of the flow, see
Section 2 for a discussion and an example.
The first three sections of the note deal with the case of autonomous
Hamiltonians where the formulations and the approach are more transparent.
The story starts (Section 1) with a “rigid” configuration of subsets of a
symplectic manifold provided by symplectic intersections theory. In Section
3 the geometric setup is reformulated in the language of function theory
on symplectic manifolds by using a version of Poisson bracket invariants
introduced in [3]. With this reformulation, the main result is proved by an
elementary ergodic argument.
The last section contains a generalization to the case of non-autonomous
Hamiltonians.
1 From symplectic intersections to invariant
measures
Let M be a closed manifold, and v be a smooth vector field on M gener-
ating a flow φt. For an invariant Borel probability measure µ of φt define its
aPartially supported by an ERC advanced grant and by an ISF grant.
1
rotation vector ρ(µ, v) ∈ H1(M,R) by
〈a, ρ(µ, v)〉 :=
∫
M
α(v)dµ ∀a ∈ H1(M,R) ,
where α is (any) closed 1-form representing a (see [13]).
Suppose now that (M,ω) is a closed symplectic manifold. Denote by
Symp0(M,ω) the identity component of the symplectomorphism group ofM .
Given a path {φt}, t ∈ [0, 1], φ0 = 1l of symplectomorphisms, denote by vt
the corresponding vector field. By the Cartan formula, λt := ivtω is a closed
1-form on M . The cohomology class
∫ 1
0
[λt] is called the flux of the path {φt}
and is denoted by Flux({φt}). The flux does not change under a homotopy
of {φt} with fixed endpoints [11]. A diffeomorphism θ ∈ Symp0(M,ω) is
called Hamiltonian if it can be represented as the time one map of a path
with vanishing flux. Hamiltonian diffeomorphisms form a group denoted by
Ham (M,ω).
Our main result involves a pair of compact subsets X, Y ⊂ M with the
following properties:
(P1) Y cannot be displaced from X by any Hamiltonian diffeomorphism:
θ(Y ) ∩X 6= ∅ for every θ ∈ Ham (M,ω);
(P2) There exists a path {ψt}, t ∈ [0, 1], ψ0 = 1l of symplectomorphisms so
that ψ1 displaces Y from X : ψ1(Y ) ∩X = ∅.
Put X ′ := ψ1(Y ), a := Flux({ψt}).
Theorem 1.1. For every F ∈ C∞(M) with
F |X ≤ 0, F |X′ ≥ 1 (1)
the Hamiltonian flow {φt} of F possesses an invariant measure µ with
|〈a, ρ(µ, sgradF )〉| ≥ 1 . (2)
Theorem 1.1 extends with minor modifications to certain non-compact sym-
plectic manifolds, see Remark 3.4 below. An generalization to the case of
non-autonomous Hamiltonian flows is given in Section 4.
Theorem 1.1 is deduced from a more general statement involving so called
Poisson bracket invariants in Section 3.
In certain situations Property (P1) can be detected by methods of “hard”
symplectic topology.
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Example 1.2. Let X = Y = L be a Lagrangian torus in the standard
symplectic torus (M = T2n = R2n/Z2n, ω = dp ∧ dq) given by
L := {p1 = ... = pn = 0} . (3)
The fact that X is non-displaceable from itself is a basic particular case of
Arnold’s Lagrangian intersections conjecture proved in the 1980ies by various
authors including Chaperon, Hofer, Laudenbach-Sikorav, Floer (see [8] and
references therein). Let ψt be the translation by t/2 in the direction of p1-
axis. We see that X ′ = ψ1(Y ) = L
′, where
L′ := {p1 = 1/2, p2 = ... = pn = 0} (4)
is disjoint from X . The flux a of {ψt}, t ∈ [0, 1] equals
1
2
· [dq1] ∈ H
1(T2n,R).
We conclude that the Hamiltonian flow of any Hamiltonian F on T2n with
F |X ≤ 0, F |X′ ≥ 1 possesses an invariant measure µ with
|〈[dq1], ρ(µ, sgradF )〉| ≥ 2 .
Furthermore, suppose that n = 1 and fix ǫ > 0. Take a function F of the
form F = u(p1), so that
|dq1(sgradF )| = |du/dq1| ≤ 2 + ǫ .
Thus every invariant measure µ of the corresponding Hamiltonian flow sat-
isfies
|〈[dq1], ρ(µ, sgradF )〉| ≤ 2 + ǫ .
This shows that the conclusion of Theorem 1.1 is sharp.
Example 1.3. The previous example can be generalized as follows. We keep
notations L and L′ for the Lagrangian tori in T2n given by (3) and (4). Let
(N,Ω) be a closed symplectic manifold. Let A,B ⊂ N be a pair of compact
subsets such that
(♠) B×L cannot be displaced from A×L by a Hamiltonian diffeomorphism
of (M = N × T2n,Ω⊕ dp ∧ dq).
Put X = A × L, Y = B × L and observe that the translation by t/2 in
the direction of p1-axis sends Y to X
′ = B × L′, so that X ∩X ′ = ∅. Thus
X and Y satisfy Properties (P1),(P2).
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Property ♠ holds, for instance, when A,B are Lagrangian submanifolds
of N with non-vanishing Floer homology: HF (A,B) 6= 0.
Another example of ♠ is follows: assume that (N,Ω) splits as
N = N1 × ...×Nk, Ω = Ω1 ⊕ ...⊕ Ωk
and
A = B = C1 × ...× Ck ,
where Cj is the codimension one skeleton of a sufficiently fine triangulation
of Nj. Observe that the sets X and Y in this case could be quite singular.
More generally, one can take A = B to be a heavy subset of N , see [6].
2 Invariant measures vs. periodic orbits
It is instructive to discuss Theorem 1.1 in the context of the follow-
ing informal principle which nowadays is confirmed in various situations
by tools of “hard” symplectic topology: certain robust restrictions on the
C0-profile of the Hamiltonian function may yield meaningful information
about homologically non-trivial closed orbits of the Hamiltonian flow (see
e.g. [5, 2, 9, 16, 12]). Such a restriction in Theorem 1.1 is given by in-
equalities (1). Observe that every T -periodic orbit representing a non-trivial
homology class b ∈ H1(M,Z) determines an invariant measure with the ro-
tation vector b/T . Thus it is natural to ask the following question: Can one,
under assumptions of Theorem 1.1, deduce existence of a closed orbit of the
Hamiltonian flow so that the corresponding rotation vector satisfies inequality
(2)? As the next example shows, the answer is in general negative.
Example 2.1. Let M be the symplectic torus T4 = R4/Z4 equipped with
the symplectic form
ω = dp1 ∧ dq1 + γdp2 ∧ dq1 + dp2 ∧ dq2 ,
where γ is an irrational number. As in Example 1.2 above, consider La-
grangian torus L = {p = 0} and its image L′ under the shift by 1/2 in
p1-direction. Take a Hamiltonian F (p, q) = sin
2(πp1), so that F = 0 on L
and F = 1 on L′. Exactly as in the case of the standard symplectic form,
Floer theory guarantees that Properties (P1) and (P2) hold for X = Y = L
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and X ′ = L′. Therefore Theorem 1.1 detects an invariant measure with
non-vanishing rotation number of the Hamiltonian flow of F .
Of course, this measure can be seen explicitly. One readily checks that
the Hamiltonian vector field of F is parallel to
∂
∂q1
− γ ·
∂
∂q2
.
In particular, the restriction of the Hamiltonian flow to every invariant torus
{p1 = c1, p2 = c2}, c1 6= 0, 1/2 carries a quasi-periodic motion and possesses
unique invariant measure with non-vanishing rotation number. The crux of
this example is that the only closed orbits of the flow are fixed points lying
on hypersurfaces {p1 = 0} and {p1 = 1/2}. In particular, the flow does not
have homologically non-trivial closed orbits.
The discussion is continued in Remark 3.3 below.
3 Poisson bracket invariants
For a closed 1-form α on M define its locally Hamiltonian vector field
sgradα by isgradαω = α. With this notation, the Hamiltonian vector field of
a function F is sgradF := sgrad(−dF ), mind the minus sign. For a function
F and a closed 1-form α their Poisson bracket is given by
{F, α} = dF (sgradα) = α(sgradF ) .
The next definition is a variation on the theme of [3]. We write ||F || for the
uniform norm maxM |F |.
Let X and X ′ be a pair of disjoint closed subsets of M . For a cohomology
class a ∈ H1(M,R) put
pba(X,X ′) := inf ||{F, α}|| ,
where the infimum is taken over all F ∈ C∞(M) with F |X ≤ 0, F |X′ ≥ 1
and all closed 1-forms α representing a.
This invariant is non-trivial, for instance, in the following situation. Let
X, Y ⊂M be a pair of compact subsets satisfying Properties (P1) and (P2) of
Section 1: Y cannot be displaced from X by a Hamiltonian diffeomorphism,
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but, on the other hand, it can be displaced from X by a symplectomor-
phism ψ1 which is the end-point of a symplectic path {ψt} with the flux
a ∈ H1(M,R). Put X ′ = ψ1(Y ).
Proposition 3.1. Under above assumptions, pba(X,X ′) ≥ 1.
Proof. Take any closed 1-form α representing a, and denote by θt, t ∈ [0, 1]
the corresponding locally Hamiltonian flow. Note that Flux({ψ−1t θt}) = 0,
and thus the diffeomorphism ψ−11 θ1 is Hamiltonian. Therefore ψ
−1
1 θ1(X) ∩
Y 6= ∅, and thus θ1(X)∩X
′ 6= ∅. The latter yields existence of a point x ∈ X
such that x′ := θ1x ∈ X
′. Given any function F ∈ C∞(M) with F |X ≤ 0,
F |X′ ≥ 1, we have that
1 ≤ F (x′)− F (x) =
∫ 1
0
{F, α}(θtx) dt .
Thus ||{F, α}|| ≥ 1, which proves the proposition.
The main result of the present section is as follows.
Theorem 3.2. Assume that pba(X,X ′) = p > 0. Then
(i) For every F ∈ C∞(M) with F |X ≤ 0, F |X′ ≥ 1, the Hamiltonian flow
{φt} of F possesses an invariant measure µ with
|〈a, ρ(µ, sgradF )〉| ≥ p . (5)
(ii) For every closed 1-form α representing a the corresponding locally Hamil-
tonian flow possesses a chord of time length ≤ 1/p joining X and X ′.
In view of Proposition 3.1, Theorem 1.1 immediately follows from Theorem
3.2(i).
Part (ii) of Theorem 3.2 is proved exactly as in [3, Section 4.1].
Proof of Theorem 3.2(i): Suppose that pba(X,X ′) = p > 0. Take any
function F ∈ C∞(M) with F |X ≤ 0, F |X′ ≥ 1 and any 1-form α representing
the class a. Denote by φt the Hamiltonian flow generated by F . For a point
x ∈ M and a number T > 0 denote by µx,T a probability measure on M
given by ∫
Hdµx,T :=
1
T
·
∫ T
0
H(φtx)dt ∀H ∈ C(M).
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Observe, following the standard proof of the Bogolyubov-Krylov theorem
(see e.g. Chapter 1, Section 8 of [4]), that if a sequence µxi,Ti with Ti → +∞
as i→ +∞ weakly converges to a measure µ, this measure is invariant under
the flow φt.
Following a suggestion by Michael Entov, apply now the averaging trick
similar to the one used in [3]. For T > 0 consider the averaged form
αT :=
1
T
·
∫ T
0
φ∗tα dt .
Note that αT is still a closed form in the class a. Observe that
|{F, αT}(x)| =
∣∣∣ ∫ α(sgradF )dµx,T ∣∣∣ .
Since pba(X,X ′) = p, there exists a point xT ∈M such that∣∣∣ ∫ α(sgradF )dµxT ,T ∣∣∣ ≥ p . (6)
Compactness yields existence of a sequence Ti → +∞ so that the sequence
of measures µi := µxTi ,Ti weakly converges to a measure µ on M which, by
the above discussion, is invariant under the flow φt. Using weak convergence
and (6) we get that
|ρ(µ, sgradF )| = lim
i→∞
∣∣∣ ∫ α(sgradF )dµi∣∣∣ ≥ p ,
as required.
We conclude this section with a couple of remarks.
Remark 3.3.
3.3.1. It would be interesting to explore further examples of pairsX,X ′ ⊂M
with pba(X,X ′) > 0 for some a ∈ H1(M,R). A promising pool of such
examples is given by disjoint Lagrangian submanifolds X and X ′ which can
be joined by pseudo-holomorphic annuli persisting under Lagrangian (not
necessarily Hamiltonian!) isotopies of X and X ′ keeping these submanifolds
disjoint. In this case one can deduce positivity of pba(X,X ′) by using a
method of [3, Section 1.6]. The latter is based on the study of obstructions
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to deformations of the symplectic form ω given by ωs = ω + sdF ∧ α, where
F is a function which vanishes near X and equals 1 near X ′, and α is a
closed 1-form representing a. The cohomology class a is chosen in such a
way that it does not vanish when evaluated on (any) boundary component
of the annulus.
3.3.2. Let us mention that annuli with boundaries on X and X ′ satisfy-
ing a non-homogeneous Cauchy-Riemann equation play a crucial role in the
Gatien-Lalonde approach to homologically non-trivial closed orbits of Hamil-
tonians satisfying inequalities (1) (see [5, 9]). This brings us to a new facet of
the discussion in Section 2 on invariant measures vs. periodic orbits. Assume
that an appropriately defined relative Gromov-Witten invariant responsible
for the count of pseudo-holomorphic annuli with boundaries on X and X ′
does not vanish. It sounds plausible that under this assumption one can es-
tablish existence of closed orbits with the rotation vector satisfying inequality
(5) directly by the Gatien-Lalonde method.
3.3.3. Let us mention finally that count of pseudo-holomorphic annuli ap-
pears in a number of recent papers on the Fukaya category, see [1, 14]. It
would be interesting to understand its applicability in our context.
Remark 3.4. Theorem 1.1 extends with minor modifications to certain
non-compact symplectic manifolds. We start with a compactly supported
function F on M with F |X ≤ 0, F |X′ ≥ 1, where X and X
′ are disjoint
compact subsets. Fix a closed 1-form α representing a cohomology class
a ∈ H1(M,R). Assume that the locally Hamiltonian flow ψt of α is well de-
fined for all times. Suppose now that ψ1(X) cannot be displaced from X
′ by
any Hamiltonian diffeomorphism. Arguing exactly as in the compact case,
we get that the Hamiltonian flow of F possesses an invariant measure µ with
compact support whose rotation vector satisfies
|〈a, ρ(µ, sgradF )〉| ≥ 1 .
A meaningful example is given by M = T ∗Tn equipped with canonical coor-
dinates (p, q) and the standard symplectic form dp∧dq, X – the zero section,
X ′–the Lagrangian torus {p = v} with v 6= 0 and α = vdq. Let us mention
that for fiber-wise convex Hamiltonians on cotangent bundles invariant mea-
sures with non-vanishing rotation vectors have been studied in the framework
of Aubry-Mather theory [10].
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4 Non-autonomous Hamiltonian flows
In this section we present a generalization of Theorem 1.1 to general,
not necessarily autonomous, Hamiltonian diffeomorphisms. Let M be a con-
nected symplectic manifold (either open or closed). Let F : M × S1 → R
a compactly supported Hamiltonian function which is time-periodic with
period 1. Denote by φt the corresponding Hamiltonian flow. The time peri-
odicity of F yields φt+1 = φtφ, where φ = φ1 is the time one map of the flow.
In what follows we write Ft(x) = F (x, t).
For an invariant compactly supported Borel probability measure µ of
φ the rotation vector ρ(µ, φ) is a compactly supported homology class in
H1,c(M,R) defined by
〈a, ρ(µ, φ)〉 :=
∫ 1
0
∫
M
〈α, sgradFt〉(φtx)dµ(x)dt
=
∫
M
(∫
γx
α
)
dµ(x) ∀a ∈ H1(M,R) ,
where α is (any) closed 1-form representing a and γx stands for the trajectory
{φtx}, t ∈ [0, 1].
We claim that the rotation vector ρ(µ, φ) depends only on the time one
map φ but not on the specific Hamiltonian F generating φ. Indeed, it is a
standard fact of Floer theory that if F ′ is another Hamiltonian such that the
corresponding Hamiltonian flow φ′t satisfies φ
′
1 = φ, the orbits γx = {φtx}
and γ′x = {φ
′
tx}, t ∈ [0, 1] are homotopic with fixed end points for every
x ∈M and hence ∫
γx
α =
∫
γ′x
α .
Let us note that when the Hamiltonian F is autonomous, ρ(µ, φ) coincides
with ρ(µ, sgradF ) as defined in Section 1.
Consider the extended phase space
(N,Ω) := (M × T ∗S1, ω + dr ∧ ds) ,
where r and s(mod 1) are canonical coordinates on T ∗S1. For a set X ⊂ M
define its stabilization
stab(X) := X × {r = 0} ⊂ N .
The next result involves a pair of compact subsets X, Y ⊂ M which
satisfy the following properties (cf. properties (P1) and (P2) in Section 1):
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(Q1) stab(Y ) cannot be displaced from stab(X) by any Hamiltonian diffeo-
morphism of N .
(Q2) There exists a closed 1-form α on M whose locally Hamiltonian flow
{ψt} is defined for all t ∈ R (this is a non-trivial assumption in the case
when M is non-compact) so that ψ1 displaces Y from X .
Put X ′ := ψ1(Y ). Let a be the cohomology class of α.
Theorem 4.1. For every F ∈ C∞(M × S1) with
Ft|X ≤ 0, Ft|X′ ≥ 1 ∀t ∈ R
the time one map φ of the Hamiltonian flow {φt} generated by F possesses
an invariant measure µ with
|〈a, ρ(µ, φ)〉| ≥ 1 .
Let us mention that properties (Q1) and (Q2) hold true in Examples 1.2,
1.3, 2.1 and in Remark 3.4.
The proof of Theorem 4.1 starts with the Hamiltonian suspension construc-
tion: We pass to the extended phase space N and look at the autonomous
Hamiltonian flow generated by H(x, r, s) = F (x, s) + r. This flow encodes
the original dynamics of φ onM (cf. the proof of Theorem 1.12 in [3]). Then
we argue along the lines of the autonomous case considered in Theorem 1.1.
Let us mention however that since H is not compactly supported, Theorem
1.1 is not directly applicable even after the modification described in Remark
3.4, which makes the proof below somewhat more involved.
Proof. The proof is divided into several steps. Denote by π : N → M the
natural projection and put β := π∗α.
Step 1: Consider a Hamiltonian H(x, r, s) = F (x, s) + r on N . It generates
the flow
ht(x(0), r(0), s(0)) = (x(t), r(t), s(t)) ,
where
x(t) = φs(0)+tφ
−1
s(0), r(t) = r(0)−
∫ t
0
∂F
∂s
(x(t), s(t))dt, s(t) = s(0) + t .
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Observe that ht commutes with the symplectic R-action
Sc : N → N, (x, r, s)→ (x, r + c, s) .
Fix T > 0 and put
αT =
1
T
·
∫ T
0
h∗tβ .
Observe that
S∗ch
∗
tβ = h
∗
tS
∗
cβ = h
∗
tβ
for all c and t, and hence
S∗cαT = αT . (7)
Step 2: We claim that the flow sgradαT is defined for all times t ∈ R.
Indeed, by (7) the vector field sgradαT descends to the manifold N
′ := N/Z
where the action of Z is given by the integer shifts Sk, k ∈ Z along the r-
direction. Furthermore, for x outside a sufficiently large compact in M we
have that ht(x, r, s) = (x, r, s+t) and hence αT = β = π
∗α. It follows, by our
assumption on α, that the trajectories of sgradαT cannot escape to infinity
in finite time on N ′. Thus the flow of sgradαT is defined for all times on N
′,
and therefore it lifts to a well defined flow θt, t ∈ R on N . The claim follows.
Step 3: Since [αT ] = [β] ∈ H
1(N,R), the flow
gt := (ψt × 1l)
−1θt : N → N
is Hamiltonian. By Property (Q1) gt(stab(X)) ∩ stab(Y ) 6= ∅ which yields
θ1(stab(X)) ∩ stab(X
′) 6= ∅ .
Thus there exists a point z ∈ stab(X) such that θ1(z) ∈ stab(X
′). Observe
that H ≤ 0 on stab(X) and H ≥ 1 on stab(X ′). Since
1 ≤ H(θ1z)−H(z) =
∫ 1
0
{H,αT}(θtz) dt ,
there exists t′ ∈ [0, 1] with
|{H,αT}(θt′z)| ≥ 1 .
Put y = θt′z.
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Note that S∗cH = H+c and S
∗
cαT = αT by (7). It follows that S
∗
c{H,αT} =
{H,αT}, and hence
|{H,αT}(Scy)| ≥ 1 ∀c ∈ R .
Therefore there exists a point yT := (xT , 0, sT ) such that
|{H,αT}(yT )| ≥ 1 . (8)
As we shall see below, it matters that the r-coordinate of yT vanishes.
Step 4: We claim that all the orbits γT := {htyT}, t ∈ [0, T ] lie in some
compact Q ⊂ N for all T > 0. Denote by K ⊂ M × S1 the support of
F (x, s). The set
X := (M \K)× R ⊂ N
is invariant under ht. Moreover, on X we have that {H,αT}(z) = {r, β} = 0
which violates (8). It follows that γT ⊂ K × R. Furthermore, write htyT =
(xt, rt, st). By the energy conservation law,
F (xt, st) + rt = F (xT , sT ) + 0 ,
which yields an upper bound
|rt| ≤ C := maxF −minF ∀t .
The claim follows with Q = K × [−C,C].
Step 5: Define a measure νT on N by∫
GdνT =
1
T
∫ T
0
G(htyT ) dt ∀G ∈ C(N) .
By Step 4, these measures are supported in the compact subset Q. Hence,
after passing to a subsequence Tk → +∞, they weakly converge to a measure,
say ν on N . The standard Bogolyubov-Krylov argument shows that ν is ht-
invariant. Furthermore, by (8)∣∣∣ ∫ β(sgradH)dνT ∣∣∣ = |{H,αT}(yT )| ≥ 1 ,
and hence ∣∣∣ ∫ β(sgradH)dν∣∣∣ ≥ 1 . (9)
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Step 6: Consider the flow
gt : M × S
1 →M × S1, (x, s)→ (φs+tφ
−1
s x, s+ t) .
Denote by τ : N → M × S1 the natural projection. Since τht = gt, the
push-forward measure σ := τ∗ν is invariant under gt. Further, β(sgradH) =
α(sgradFs) is independent on r. Therefore inequality (9) yields∣∣∣ ∫ α(sgradFs)dσ∣∣∣ ≥ 1 . (10)
Step 7: Invariant measures of the flow gt have quite a simple structure. To
see this, introduce diffeomorphisms A and B of M × R given by
A : (x, s) 7→ (φsx, s), B : (x, s) 7→ (φ
−1x, s+ 1) ,
and the translation Rt of M × R,
Rt : (x, s) 7→ (x, s+ t) .
Let
g˜t(x, s) = (φs+tφ
−1
s x, s+ t)
be the lift of the flow gt to the cover M×R. Borel probability measures σ on
M×S1 are in one to one correspondence with R1-invariant Borel measures σ˜
on M ×R satisfying σ˜(M × [0, 1)) = 1. The measure σ is gt-invariant if and
only if σ˜ is g˜t-invariant. Observe that g˜t = ARtA
−1. Thus every invariant
measure σ˜ of g˜t has the form A∗µ, where µ is an invariant measure of the flow
Rt. Note that µ is necessarily of the form µ ⊗ ds, where ds is the Lebesgue
measure on R and µ a measure on M .
The measure A∗µ is R1-invariant if and only if
A−1
∗
R1∗A∗µ = µ .
Since A−1R1A = B, we have that B∗(µ⊗ ds) = (µ⊗ ds), which is equivalent
to the fact that µ is φ-invariant.
Returning back to M × S1, we conclude that every gt-invariant Borel
probability measure σ on M × S1 satisfies∫
M×S1
G(x, s) dσ(x, s) =
∫ 1
0
∫
M
G(φsx, s) dµ(x)ds ∀G ∈ C(M × S
1),
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where µ is a φ-invariant Borel probability measure on M .
Step 8: Apply the conclusion of Step 7 to the measure σ constructed in
Step 6. Inequality (10) reads
∣∣∣ ∫ 1
0
∫
〈α, sgradFs〉(φsx) dµ(x)ds
∣∣∣ ≥ 1 ,
where the measure µ on M is φ-invariant. By definition, this means that
|〈a, ρ(µ, φ)〉| > 1. This completes the proof.
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